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A NOTE ON LARSEN’S CONJECTURE AND RANKS OF
ELLIPTIC CURVES
TIM† AND VLADIMIR DOKCHITSER
1. Introduction
In [8] M. Larsen proposed the following:
Conjecture 1. Let K be a finitely generated infinite field, Ks its separable
closure, G a finitely generated subgroup of Gal(Ks/K), and Ks
G its fixed
field. If E/K is an elliptic curve, then the group E(Ks
G) ⊗ Q is infinitely
generated.
When G is generated by one element, this conjecture is known for K = Q
[5] and in a number of other cases [1, 6, 7]; see also [9] for some results when
G has two generators. We give evidence for the full conjecture for K = Q by
showing that it is implied both by the Shafarevich-Tate and the (first part
of) the Birch–Swinnerton-Dyer conjecture for elliptic curves over number
fields:
Theorem 2. Let E/Q be an elliptic curve and G ⊂ Gal(Q¯/Q) a finitely
generated subgroup. The analytic rank and the p∞-Selmer rank for every
odd p are unbounded in number fields contained in Q¯G.
Recall that for an elliptic curve E over a number field F , the analytic rank
rkan E/F is defined as ords=1 L(E/F, s). Even for E defined over Q the
analytic continuation of L(E/F, s) to s = 1 is not known for general F , but
in the proof of the theorem we will choose number fields where it is. The p∞-
Selmer rank rkpE/F is the usual Mordell-Weil rank rkE/F = dimE(F )⊗Q
plus the Zp-corank of X(E/F ), the number of copies of Qp/Zp in X(E/F ).
We remind the reader of the usual conjectures concerning these ranks:
Conjectures. Let K be a number field, and E/K an elliptic curve.
• L(E/K, s) is entire, and rkE/K=rkanE/K (Birch–Swinnerton-Dyer).
• X(E/K) is finite; thus rkE/K=rkpE/K for all p (Shafarevich-Tate).
• (−1)rkE/K = w(E/K) (Parity conjecture).
The global root number w(E/K) is defined as a product of local root num-
bers w(E/Kv) = ±1 over all places of K, and is the conjectural sign in the
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functional equation for L(E/K, s). Thus it determines rkan(E/K) mod 2,
so the parity conjecture is a weaker version of the Birch–Swinnerton-Dyer
conjecture.
In fact, the proof of Theorem 2 shows that the parity conjecture also
implies Conjecture 1 for elliptic curves over K = Q. When K is a general
number field, the analytic continuation of L(E/K, s) to s = 1 is not known
so we cannot say anything about rkan E/K. However, we still have the
following
Theorem 3. Let K be a number field, E/K an elliptic curve and G a finitely
generated subgroup of Gal(K¯/K). Then both the parity and the Shafarevich-
Tate conjectures imply Conjecture 1, provided
• K has a real place, or
• E has non-integral j-invariant.
Remark 4. Slightly more generally, the theorem applies if there is a place
v of K and some quadratic extension Lw/Kv where w(E/Lw) = −1. (See
[4] for a classification of such E/Kv .)
The proofs of both theorems rely on an elementary root number argument
in Frp ⋊ C2-extensions and some version of the parity conjecture. For the
second theorem we will need the following result, which is a slight variation
of [3] Thm. 1.3.
Proposition 5. Let K be a number field, E/K an elliptic curve and M/K
a quadratic extension. Suppose for every prime w|6 of M which is not split
in M/K, E has semistable reduction at w, and the reduction is not good
supersingular if w|2. If X(E/M(E[2]))[6∞ ] is finite, then
(−1)rkE/M = w(E/M).
This has a consequence, which is of interest in itself:
Corollary 6. Let M/K be a quadratic extension of number fields, E/K an
elliptic curve and assume that X(E/M(E[2])) is finite. If all primes of bad
reduction of E split in M/K, then the parity conjecture holds for E/M ,
(−1)rkE/M = w(E/M) = (−1)#Archimedean places of M .
Notation. Throughout the note K denotes a number field and E an elliptic
curve defined over K. We write w(E/Kv) = ±1 for the local root number
of E at v, and w(E/K) =
∏
v w(E/Kv) for the global root number. For an
Artin representation τ of Gal(K¯/K) we write w(E/Kv , τ) and w(E/K, τ) =∏
v w(E/Kv , τ) for the local and global root numbers of the twist of E by τ .
See e.g. [10] for properties of root numbers of elliptic curves and their twists.
Acknowledgments. We would like to thank A. Jensen for helpful discus-
sions.
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2. Proof of Theorem 2
Lemma 7. Let M/K be a quadratic extension of number fields, E/K an
elliptic curve and G ⊂ Gal(K¯/K) a finitely generated subgroup. For every
odd prime p and r ≥ 1 there exists a Galois extension F/K containing M
such that
(1) Gal(F/K) ∼= Frp ⋊ C2, with C2 acting by −1.
(2) The image of G in Gal(F/K) has order at most 2.
(3) The primes of M above primes of bad reduction for E/K split com-
pletely in F .
For such an extension, w(E/K, ρ) = w(E/M) for every irreducible 2-dimen-
sional representation ρ of Gal(F/K).
Proof. Pick primes ℘1, . . . , ℘n of K that split completely in M(ζp), and
consider m =
∏
i ℘i as a modulus of M (ζp denotes a primitive pth root of
unity). Write Im for the group of fractional ideals of M that are coprime
to m, and Pm for the subgroup of principal ideals that can be generated by
an element congruent to 1 mod m.
Let Q be the largest Fp-vector space quotient of the group I
m/Pm. Then
2n− δ ≤ dimQ ≤ 2n with δ = dimO∗M/O∗pM + dimClM [p]. Comparing this
with the corresponding group of K, we see that the Gal(M/K)-antiinvariant
part of Q has dimension d ≥ n − δ. By class field theory it yields a Galois
extension Fn/K with Gal(Fn/K) ∼= Fdp ⋊ C2, C2 acting by −1.
Consider H = Gal(Fn/M) = F
d
p. The group G∩Gal(M¯/M) is of index at
most 2 in G, and the Fp-dimension of its image in H is bounded by the num-
ber of generators of G. Also, the decomposition subgroup in H of any prime
of M has size bounded by a constant independent of n. Now let H0 <H be
generated by the image of G∩Gal(M¯/M) and the decomposition subgroups
of primes of M that lie above primes of bad reduction for E/K. Then FH0n
satisfies (2) and (3), and letting n→∞ gives the desired extensions F/K.
For the last claim, let ǫ be the non-trivial character of Gal(M/K). The
complex irreducible representations of Gal(F/K) are 1, ǫ and 2-dimensional
representations each of which factors through a D2p-quotient.
Recall that w(E/M) = w(E/K,1⊕ ǫ) by inductivity of global root num-
bers, so it suffices to check that w(E/Kv ,1⊕ ǫ) = w(E/Kv , ρ) for all places
v of K. This holds for places v whose decomposition group D in F/K has
order at most 2, because ρ and 1 ⊕ ǫ are isomorphic as D-representations.
In particular, this includes Archimedean places and places of bad reduction
for E. On the other hand, if E has good reduction at v, then for every
2-dimensional self-dual Artin representation τ of Gal(K¯/K),
w(E/Kv , τ) = w(τ/Kv)
2 = det(τ(−1)),
by the unramified twist formula [12] 3.4.6 and the determinant formula
[12] 3.4.7. Here we implicitly use the local reciprocity map at v to eval-
uate τ at −1. As det ρ = ǫ = det(1⊕ ǫ), the claim follows. 
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We now prove Theorem 2. Take an imaginary quadratic fieldM=Q(
√−d)
where all bad primes for E split. Note that w(E/M) = −1, as the contribu-
tion from bad primes is (±1)2, and the local root number is +1 for primes
of good reduction and −1 for infinite places.
Let p be an odd prime. By the p-parity conjecture for E/Q and its
quadratic twist by −d ([3] Thm. 1.4), we have (−1)rkp(E/M) = w(E/M), so
rkp(E/M) is odd. Let F be as in Lemma 7 for some r ≥ 1, and let V ⊂ Frp
be any index p subgroup, so V ⊳ Gal(F/Q) and Gal(F V /Q) ∼= D2p. The
image of G in this Galois group has order at most 2, so there is a degree p
extension L/Q inside F V fixed by G. As all bad primes for E split in M ,
by [3] Prop. 4.17,
rkpE/M +
2
p−1(rkpE/L− rkpE/Q) ≡ 0 (mod 2).
In particular, rkpE/L > rkpE/Q.
Write X for the dual p∞-Selmer group Hom(Selp∞(E/F ),Qp/Zp) and
X = X ⊗Zp Qp. Thus X is a Qp-valued representation of Gal(F/Q), and
rkpE/k = dimXGal(F/k) for every k ⊂ F , see e.g. [3] Lemma 4.14.
The irreducible Qp-representations of Gal(F
V /Q) ∼= D2p are trivial 1,
sign ǫ and (p − 1)-dimensional irreducible ρV . Their invariants under an
element of order 2 of D2p are 1-, 0- and
p−1
2 -dimensional, respectively. It
follows that X contains a copy of ρV for every V , and dimXG is therefore at
least p−12 times the number of hyperplanes V ⊂ Frp (which is p
r−1
p−1 ). Letting
r → ∞ we deduce that the p∞-Selmer rank of E is unbounded for number
fields inside Q¯G.
To prove that the analytic rank is unbounded, let p = 3 for simplicity
and take the same F as above. The irreducible complex representations of
Gal(F/Q) are 1, ǫ, and ρV for varying V . The curve E/Q is modular, so the
L-functions L(E/Q, s), L(E, ǫ, s) and L(E, ρV , s) are analytic and satisfy
the expected functional equation. (The twists by ρV are Rankin-Selberg
products.) The same applies to L(E/k, s) for every k ⊂ F ; indeed, by Artin
formalism,
L(E/k, s) = L(E, IndQk 1, s) =
∏
τ∈{1,ǫ}∪{ρV }V
L(E, τ, s)〈τ,Ind
Q
k
1〉,
with IndQk a shorthand for Ind
Gal(F/Q)
Gal(F/k) . Finally, w(E, ρV ) = −1 by Lemma 7,
so each L(E, ρV , s) vanishes at s = 1. Hence
ords=1 L(E/k, s) ≥ [k : Q]− 2
2
as IndQk 1 contains at most one copy of 1 and ǫ. Now take k = F
G and let
r→∞ as before.
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3. Proof of Theorem 3
We claim there is a quadratic extension M/K where w(E/M) = −1 and
rkE/M is odd. This will suffice, as we can then use exactly the same const-
ruction as in the proof of Theorem 2 with K in place of Q and any odd p.
Fix a place v of K which is either real or with ordv j(E) < 0. We take
M/K to be any quadratic extension where
• v becomes complex if Kv = R.
• There is a unique prime v′ above v, and E has split multiplicative
reduction at v′ if ordv j(E) < 0.
• If w 6= v is either Archimedean, a place of bad reduction of E or
divides 2 then w splits in M/K.
Such a quadratic M exists by the weak approximation theorem, as we pre-
scribe only its local behaviour at finitely many places. The existence of an
appropriate local extension in the second case follows from the theory of the
Tate curve, see e.g. [11] Thm 5.3.
Write v′ for the unique prime of M above v. Then w(E/Mv′ ) = −1 (see
e.g. [10] Thm. 2) and all other Archimedean places and bad primes for E
contribute (±1)2 = 1, so w(E/M) = −1. Finally rkE/M is odd, by either
the assumed parity conjecture or the Shafarevich-Tate conjecture together
with Proposition 5.
4. Proof of Proposition 5
Lemma 8. Let K be a number field and E/K an elliptic curve with a
K-rational 2-torsion point. Let Σ be the set of primes v|2 of K where E
has additive or good supersingular reduction. Suppose M/K is a quadratic
extension where every prime v ∈ Σ either splits or becomes a place of mul-
tiplicative or good ordinary reduction for E. Then (−1)rk2 E/M = w(E/M).
Proof. Choose a model for E/K of the form
E : y2 = x3 + ax2 + bx ,
and let φ : E → E′ be the 2-isogeny with (0, 0) in the kernel.
Let σw(E/M) = (−1)ord2 cokerφw−ord2 kerφw , where φw : E(Mw)→ E′(Mw)
is the induced map on local points. By Cassels’ formula (see [2] §1),
(−1)rk2 E/M =
∏
w
σw(E/M).
Write (·, ·)w = ±1 for the Hilbert symbol at w. Then
∏
w|v
w(E/Mw) =
∏
w|v
σw(E/M)(a,−b)w(−2a, a2 − 4b)w
for every place v of K. Indeed, this trivially holds for all v that split in
M/K, and it holds at all other primes by [2], proof of Thm. 4 in §7. The
result follows by the product formula for Hilbert symbols. 
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Lemma 9. Let K be a number field and E/K an elliptic curve. Let Σ be
the set of primes v|6 of K where E has additive reduction. Suppose M/K
is a quadratic extension where every prime v ∈ Σ either splits or becomes
a place of semistable reduction for E. Let F/K be any S3-extension not
containing M , and write N = FC2M , N ′ = FC3M . Then
w(E/M)w(E/N)w(E/N ′) = (−1)rk3 E/M+rk3 E/N+rk3 E/N ′ .
Proof. Fix a global differential ω 6= 0 for E/K. For an extension k/K and
a prime w of k write Cw(E/k) = cw(E/k)|ω/ωow |w, where cw is the local
Tamagawa number, ωow a Ne´ron differential at w, and | · |w the normalised
w-adic absolute value. By [3] Thm. 4.11 with p = 3,
rk3E/M + rk3E/N + rk3E/N
′ ≡ ord3
∏
z Cz(E/MF )∏
uCu(E/N
′)
mod 2,
the products taken over the primes of MF and N ′ respectively. It suffices
to show that for every place v of K,
∏
s|v
w(E/Ms)
∏
t|v
w(E/Nt)
∏
u|v
w(E/N ′u) =
∏
z|v(−1)ord3 Cz(E/MF )∏
u|v(−1)ord3 Cu(E/N ′)
,
where we interpret the right-hand side as 1 for Archimedean places. If
v splits in M/K the formula trivially holds as each term occurs an even
number of times. For all other v, this is proved in [3] Prop 3.3 (the G-set
argument in Case 1 also covers Archimedean places). 
We now prove Proposition 5.
The assumption on X also forces X(E/k)[6∞] to be finite for all inter-
mediate fields K ⊂ k ⊂ M(E[2]), see e.g. [3] Rmk. 2.10. Now we proceed
as in the proof of [3] Thm. 3.6.
Write F = K(E[2]). If E(K)[2] 6= 0, apply Lemma 8. Otherwise
Gal(F/K) is either C3 or S3. In the former case, Gal(FM/M) ∼= C3 as well,
thus rkE/M and rkE/FM have the same parity. It is also well-known that
global root numbers are unchanged in odd degree cyclic extensions (this fol-
lows from [12] 3.4.7, 4.2.4), so w(E/FM) = w(E/M) and the result again
follows from Lemma 8 applied to FM/F .
In the last case Gal(F/K) ∼= S3, write N = FC2M , N ′ = FC3M . If
M 6⊂ F , the above argument shows that w(E/N) = (−1)rkE/N and similarly
for N ′; now apply Lemma 9. If M ⊂ F , then F/M is a Galois cubic
extension, so we may again show that w(E/F ) = (−1)rkE/F . But this holds
by Lemma 8 applied to the quadratic extension F/N .
Finally, Corollary 6 is immediate from the fact that w(E/Kv) = −1 for
Archimedean v.
A NOTE ON LARSEN’S CONJECTURE AND RANKS OF ELLIPTIC CURVES 7
References
[1] F. Breuer, B.-H. Im, Heegner points and the rank of elliptic curves over large extensions
of global fields, arxiv:math/0604107.
[2] T. Dokchitser, V. Dokchitser, Parity of ranks for elliptic curves with a cyclic isogeny,
J. Number Theory 128 (2008), 662–679.
[3] T. Dokchitser, V. Dokchitser, On the Birch–Swinnerton-Dyer quotients modulo
squares, 2006, arxiv: math.NT/0610290.
[4] T. Dokchitser, V. Dokchitser, Elliptic curves with all quadratic twists of positive rank,
2008, arxiv: 0802.4027.
[5] B.-H. Im, Heegner points and Mordell-Weil groups of elliptic curves over large fields,
to appear in Trans. Amer. Math. Soc.
[6] B.-H. Im, Mordell-Weil groups and the rank of elliptic curves over large fields,
arxiv:math/0411533.
[7] B.-H. Im, Heegner points and Mordell-Weil groups of elliptic curves over large fields,
arxiv:math/0411534.
[8] M. Larsen, Rank of elliptic curves over almost algebraically closed fields, Bull. London
Math. Soc. 35 (2003), 817-820.
[9] A´. Lozano-Robledo, On the product of twists of rank two and a conjecture of Larsen,
preprint.
[10] D. Rohrlich, Galois Theory, elliptic curves, and root numbers, Compos. Math. 100
(1996), 311–349.
[11] J. H. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, GTM 151,
Springer-Verlag 1994.
[12] J. Tate, Number theoretic background, in: Automorphic forms, representations and
L-functions, Part 2 (ed. A. Borel and W. Casselman), Proc. Symp. in Pure Math. 33
(AMS, Providence, RI, 1979) 3-26.
Robinson College, Cambridge CB3 9AN, United Kingdom
E-mail address: t.dokchitser@dpmms.cam.ac.uk
Gonville & Caius College, Cambridge CB2 1TA, United Kingdom
E-mail address: v.dokchitser@dpmms.cam.ac.uk
